An equivalent circuit model for transmitting capacitive micromachined ultrasonic transducers in collapse mode by Olcum, S. et al.
IEEE TransacTIons on UlTrasonIcs, FErroElEcTrIcs, and FrEqUEncy conTrol, vol. 58, no. 7, jUly 20111468
0885–3010/$25.00 © 2011 IEEE
An Equivalent Circuit Model for Transmitting 
Capacitive Micromachined Ultrasonic 
Transducers in Collapse Mode
selim olcum, Member, IEEE, F. yalcin yamaner, Student Member, IEEE,  
ayhan Bozkurt, Member, IEEE, Hayrettin Köymen, Senior Member, IEEE,  
and abdullah atalar, Fellow, IEEE
Abstract—The collapse mode of operation of capacitive mi-
cromachined ultrasonic transducers (CMUTs) was shown to be 
a very effective way to achieve high output pressures. However, 
no accurate analytical or equivalent circuit model exists for 
understanding the mechanics and limits of the collapse mode. 
In this work, we develop an equivalent nonlinear electrical cir-
cuit that can accurately simulate the mechanical behavior of 
a CMUT with given dimensions and mechanical parameters 
under any large or small signal electrical excitation, including 
the collapse mode. The static and dynamic deflections of a 
plate predicted from the model are compared with finite ele-
ment simulations. The equivalent circuit model can estimate 
the static deflection and transient behavior of a CMUT plate 
to within 5% accuracy. The circuit model is in good agreement 
with experimental results of pulse excitation applied to fabri-
cated CMUTs. The model is suitable as a powerful design and 
optimization tool for collapsed and uncollapsed CMUTs.
I. Introduction
capacitive micromachined ultrasonic transducers (cMUTs) were introduced [1] as micromachined sus-
pended plate structures with a moving top electrode and a 
rigid substrate electrode. When immersed in a liquid me-
dium, cMUTs are capable of generating wideband acous-
tical pulses with more than 100% fractional bandwidth 
[2]. However, many applications require high transmitted 
pressures for increased penetration and signal quality. The 
power output capability of cMUTs can be increased by 
utilizing the collapsed state of the plates [3]–[5].
accurate and fast simulation methods are necessary 
for understanding cMUT dynamics and for designing 
high-performance cMUTs. cMUT models are based ei-
ther on finite element method (FEM) models [6], [7] or on 
equivalent circuits [8]–[11]. FEM simulations require long 
simulation times for accurate results. This makes them 
relatively inconvenient for design and optimization pur-
poses. on the other hand, parametric electrical equivalent 
circuits [10]–[12] based on Mason’s model [13] are more 
suitable for design purposes. In recent years, the efforts to 
model the nonlinear behavior of cMUTs under large exci-
tations [8], [14], [15] have increased. However, all of those 
models are valid only for the uncollapsed state. The col-
lapse mode of a cMUT plate has been explored only with 
experiments [3]–[5] and simulations performed by FEM 
[5], [16], [17]. cMUTs in the collapsed state lack fast and 
accurate equivalent circuit models.
In this work, we develop an electrical equivalent cir-
cuit model that can be used to simulate the mechanical 
behavior of a transmitting cMUT under any electrical 
excitation. The model is dependent on plate dimensions 
and mechanical properties and it can predict the plate 
movement in the collapsed state as well as in the uncol-
lapsed state. The simulation results of the circuit for static 
and dynamic deflections are compared with electrostatic 
and transient FEM simulation results. acoustical pressure 
generated at the surface of a cMUT plate under a large 
pulse excitation is calculated by the circuit model and 
compared with transient FEM simulation and experimen-
tal results performed on fabricated cMUTs.
II. static deflection of a cMUT
cMUTs usually have two electrodes: a top electrode 
in the plate and a bottom electrode in the substrate. as 
an electric potential is applied between the top electrode 
and the bottom electrode, the plate deflects because of the 
electrostatic forces, resulting in a transmission of a pres-
sure wave to the immersion medium. It has been demon-
strated in previous studies [3], [4] that the collapse mode 
drastically increases the pressure amplitude. More recent-
ly, it has been shown [5] that for the highest pressure 
generation, full electrode coverage is necessary. Using a 
full electrode, more force can be generated than the force 
generated by partial electrode coverage for the same ap-
plied voltage. In this paper, we assume that the electrodes 
have full coverage over the plate region. a cross-sectional 
view of a collapsed plate is illustrated in Fig. 1, establish-
ing our notation.
We use the rms displacement, xrms(t),
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of the plate as the lumped displacement measure, where 
x(r, t) signifies the plate displacement as a function of ra-
dial distance and time. The choice of xrms as the lumped 
displacement measure requires a correction on the defini-
tion of a lumped force acting on the plate. The correction 
is performed by dividing the total force integrated over 
the plate by a profile-dependent factor, κ. a justification 
of this correction factor is given in appendix a. For the 
uncollapsed state, the value of κ was calculated in [15]1 as 
3 5/ . In the collapsed2 state, the deflection profile chang-
































where γ0 is a coefficient that depends on plate dimensions.
The deflection of a circular clamped plate under uni-
form pressure can be calculated using the equations given 
by Timoshenko [18] and for the boundary conditions given 
in [5] for both uncollapsed and collapsed states. For conve-
nience, these equations are repeated in appendix B. The 
given equations are valid as long as the forces acting on 
the plate are uniformly distributed over the surface and 
the amount of deflection does not cause stress stiffening 
of the cMUT plate (i.e., deflection-to-thickness ratio less 
than 20%) [19], [20]. Because the separation of the elec-
trodes is not constant throughout the cavity, the electro-
static force on a cMUT plate is not uniformly distributed, 
making the derivation of an analytical expression for plate 
deflection very difficult, if not impossible.
at this point, we make the assumption that the deflec-
tion profile caused by the nonuniform attraction force of 
an applied voltage can be approximated by the deflection 
caused by a uniform pressure, P with the same total force. 
We will show that this is a good assumption even in the 
collapse mode when the attraction force is highly nonuni-
form. Because the force caused by the uniform pressure is 
balanced by the mechanical restoring force of the plate, we 
can express the lumped restoring force Fr in terms of P by 
including the correction factor κ as
 F P ar =
1 2
κ π . (4)
With a given applied pressure P, the deflection profile, 
and hence xrms, can be estimated [5]. Fr is plotted in Fig. 
2 as a function of xrms. It is a linear function in the un-
collapsed region, but it becomes highly nonlinear in the 
collapsed region.
The lumped electrical attraction force, Fe, generated 
by an applied voltage, Vin, can be determined in terms of 
xrms by using the formulations in [14] and [15] as follows:
 F V x
C
x Ve in rms rms in
d





where C is the capacitance between the two electrodes as 
a function of xrms. Fe is not only nonlinear, but is also dis-
continuous at the point where the plate touches the sub-
strate, because there is a sudden change in the derivative 
of C at that point. The calculated Fe(xrms) for different 
voltages are also plotted in Fig. 2 as dashed curves.
although a closed form expression of deflection as a 
function of applied voltage cannot be determined, a nu-
Fig. 1. cross-sectional view of a collapsed clamped circular plate with 
radius a, thickness tm, and gap height of tg. The top electrode is at a 
distance ti above from the gap. b is the contact radius. The bottom elec-
trode is assumed to be at the top of the substrate.
Fig. 2. Mechanical restoring force (solid line) and electrostatic attraction 
forces (dashed lines) when the bias is 50, 100, 150, and 200 V as a func-
tion of xrms. The dimensions of the silicon nitride plate: a = 25 μm, tm 
= 1.5 μm, ti = 0.4 μm, and tg = 0.2 μm. The intersection point of the 
curves is the static equilibrium position when the atmospheric pressure 
is neglected.
1 In [15], the operation for correcting the forces with respect to rms 
state variables is missing and should be included for the correct results.
2 a clamped circular plate under uniform pressure touches the sub-
strate when xavg = tg/3 or xrms = tg/ 5.
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merical solution is possible by determining the intersec-
tion of the nonlinear electrostatic attraction and mechani-
cal restoring force curves. The intersection points in Fig. 
2 give the static equilibrium displacement points. In Fig. 
3, the profiles calculated by the proposed method are 
compared with the profiles obtained by electrostatic FEM 
simulations for different bias values; the good agreement 
justifies the assumption we made previously. We note that 
the effect of atmospheric pressure can be included by add-
ing a constant force term on top of the electrostatic at-
traction force.
We show the restoring and attraction forces around the 
collapse point in more detail in Fig. 4 for a cMUT with 
different dimensions. as the applied voltage is increased 
from 31 to 45 V, the static displacement follows the inter-
section points, 1, 2, 3, 4, and 8. We note that at 42 V, the 
electrical and restoring force curves are tangential to each 
other. The intersection points signified by squares are the 
unstable solutions of the plate displacement. on the other 
hand, if we reduce the voltage starting from 45 toward 
31 V, the static equilibrium displacement will follow the 
points, 8, 7, 6, 5, and 1, demonstrating the well known 
hysteretic behavior of cMUTs. our model predicts the 
collapse and snap-back voltages as 42 and 33 V, where-
as FEM simulations predict the same voltages as 42 and 
29 V, respectively. The difference in the value of the snap-
back voltage is attributed to the variation in the plate 
profile around the snap-back point, because we always use 
the profiles generated by a uniformly distributed load.
In Fig. 5, xrms as a function of applied voltage is shown 
in comparison to FEM simulation results. The error be-
tween the rms deflections and the electrostatic FEM simu-
lation results is less than 1% except for voltages in the 
close vicinity of the snap-back.
In the uncollapsed state, Fe(Vin, xrms) is given in [14] 
and repeated in appendix B-a for convenience. In the 
collapsed region, we fit a third-order polynomial to the 
nonlinear function and find coefficients α0, α1, α2, and α3. 
Hence, we can express Fe(Vin, xrms) analytically as






























In the uncollapsed region, the restoring force of the 
plate, Fr(xrms), can be determined using (16) in appendix 
B-a. Because of the highly nonlinear nature of the force in 
the collapsed region, a tenth-order polynomial with coeffi-
cients β0, β1, β2, …, β10 is necessary for a good approxima-


































Fig. 3. displacement profiles calculated by electrostatic FEM simula-
tions (solid lines) and by Timoshenko’s plate deflection under uniform 
pressure (dashed lines) for a silicon nitride plate with a = 25 μm, tm = 
1.5 μm, ti = 0.4 μm, and tg = 0.2 μm for different values of bias. The 
atmospheric pressure is neglected.
Fig. 4. The electrostatic attraction and mechanical restoring forces of 
a silicon nitride plate with a = 30 μm, tm = 1.5 μm, ti = 0.2 μm, tg = 
0.2 μm for different values of dc bias as a function of xrms. The atmo-
spheric pressure is neglected.
Fig. 5. rMs displacement of a silicon nitride plate with a = 30 μm, tm 
= 1.5 μm, ti = 0.2 μm, tg = 0.2 μm as a function of applied voltage. The 
displacements calculated by our method (dashed lines) are compared 
with FEM simulation results (solid lines). The effect of the atmospheric 
pressure is neglected.
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The lumped force, Fatm, generated by the atmospheric 
pressure, P0, is also a function of xrms, because the correc-
tion factor κ is a function of xrms:




κ π . (8)
III. Electrical Equivalent circuit
The dynamic problem can be solved by modeling the 
mass of the plate and the loading of the immersion me-
dium as electrical circuit components similar to Mason’s 
equivalent circuit model [10], [13]. The equivalence be-
tween mechanical variables and electrical variables can 
be established as detailed in Table I. Here, the velocity 
becomes current, the displacement becomes charge, and 
the forces are modeled by voltage sources. The equivalent 
circuit is shown in Fig. 6.
In this circuit, the mass, m, of the plate is represented 
by a series inductor, Lm with a value equal to the mass of 
the plate [15]:
 L m t am m= = 2ρ π , (9)
where ρ is the density of the plate material.
The loading of the immersion medium can be modeled 
with a radiation impedance, Zr. Zr of a circular cMUT 
plate for the uncollapsed mode was calculated previously 
[21]. It was shown3 that
 Z a c ar for = >2 0π ρ λ, , (10)
where λ is the wavelength in the immersion medium and 
ρ0 and c are the density and the speed of sound in that 
medium, respectively. The condition of validity in (10) is 
not easily satisfied for typical cMUT cells. It was shown 
in [21] that for an array of cells with a total array radius, 
A, between λ/3 and λ, the equivalent radiation imped-
ance for the whole array is approximately half of the value 
given in (10):
 Z a c Ar for /=
1
2 3 < <
2
0π ρ λ λ, . (11)
We do not have the Zr expression for the collapse mode 
cMUTs. In this work, we will assume that it can be ap-
proximated with Zr of a piston ring transducer [22], cor-
rected with the area ratio. Hence, we can use the expres-
sions given previously.
IV. results
We have tested the results of our equivalent circuit 
model by comparing them to FEM simulations and exper-
imental results. a description of the FEM model utilized 
can be found in appendix c. The material parameters 
used in the FEM and circuit model are given in Table 
II. The equivalent circuit is simulated using the lTspice 
circuit simulator.4 The coefficients of the polynomials rep-
resenting the nonlinear functions of the dependent volt-
age sources are input to lTspice as parameters calculated 
externally by a parametric MaTlaB code (The Math-
Works, natick, Ma).5
A. Comparison of the Equivalent Circuit Model to FEM
For a demonstration of the large signal capability of the 
circuit model, we applied electrical pulses to a cMUT with 
amplitudes much greater than its collapse voltage. The re-
sulting pressure amplitudes calculated by the equivalent 
circuit simulations are plotted in Fig. 7, along with the 
FEM simulation results. In the equivalent circuit, we use 
the radiation impedance expression given in (10), because 
in the FEM simulations we model the coupling medium 












Fig. 6. Equivalent circuit model for simulating the behavior of cMUTs. 
Vr(qx) stands for the series mechanical capacitance in Mason’s equivalent 
circuit model. Ve(Vin, qx) represents the force generated at the mechani-
cal side of the Mason’s model. The shunt input capacitance of Mason’s 
model is ignored, because we assume that cMUTs are driven by a volt-
age source.
TaBlE II. silicon nitride Properties Used in simulations. 
young’s modulus, E 110 GPa
Poisson’s ratio, ν 0.27
dielectric permittivity, εr 5.4
density, ρ 3.1 g/cm3
3 If we choose vavg rather than vrms as the through variable, the radia-
tion impedance and inductance should be scaled by κ2.
4 lTspice is public domain software and can be downloaded from 
http://www.linear.com/designtools/software (linear Technology, Milpi-
tas, ca).
5 The parametric MaTlaB m-file  and lTspice file  are pro-
vided as supplementary materials to this paper.
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by a fluid column with rigid boundaries. This is a suitable 
model for a plate at the center of an infinite cMUT array, 
when there is no lateral displacement of the fluid.
The peak-to-peak amplitudes of the transmitted pres-
sure waves are predicted within 3% and the pulse width 
of the prominent cycle is estimated within 5% accuracy in 
the worst case. during the pulse cycle, the plate is first 
released and then collapsed back to its initial position. Be-
cause the plate has a nonzero kinetic energy at the time it 
reaches its initial position, it oscillates at a high frequency 
for a while before it stabilizes. This behavior is predicted 
by the equivalent circuit model. The low-frequency oscil-
lation seen in the FEM results, however, is a spurious 
oscillation as a result of rigidly defined stand regions and 
the lossless nature of the simulation.
The normalized transmission spectra of the cMUT for 
different excitations are shown in Fig. 8. The frequency 
spectra of the pressure waveforms calculated by the circuit 
model (dashed) and the FEM (solid) are in good agree-
ment, especially at the low-frequency end. The error of 
the equivalent circuit simulation results in the lower-fre-
quency end of the 3-dB bandwidth is less than 5%, where-
as the error is less than 6% for the high-frequency end. 
The bandwidth and the center frequency of the generated 
acoustic pulse is also predicted by the equivalent circuit 
simulations within 6%. note that the error is smaller when 
the excitation amplitude is smaller. We believe that the 
error is due to the highly nonlinear nature of the collapsed 
cMUT.
The developed equivalent circuit model gives informa-
tion about the plate movement as well. We can extract the 
information such as the contact radius, b, of a collapsed 
plate during a pulse cycle. The variation of b as a function 
of time is plotted in Fig. 9, when the plate is excited with 
large electrical signals. as seen in the figure, the plate 
does not lose contact with the substrate during the short 
pulse cycle, even though the input voltage is decreased 
to 0 V. Even so, more than 7 MPa peak-to-peak radiated 
pressure at the surface of the cMUT is possible using a 
200 V pulse. If the duration of the pulse is increased, even-
tually the plate is released from the contact. The variation 
of the contact radius for pulses with different widths is 
shown in Fig. 10. The difference seen in the contact radii 
calculated by FEM and circuit model can be attributed to 
the assumed history-independent deflection profiles. addi-
tionally, the circuit model is a lumped parameter simula-
tor, whereas contact radius, b is a distributed parameter 
heavily dependent on the deflection profile. The circuit 
model approximates all voltage-generated deflection pro-
files by uniform pressure-generated profiles, for which the 
contact radius is smaller (see Fig. 3).
Fig. 7. comparison of the calculated average pressure output using FEM 
(solid) and equivalent circuit (dashed) simulation results, when cMUTs 
are excited by 120, 160, and 200 V negative pulses on equal amplitude 
biases. The rise and fall times of the pulses are 20 ns and the pulse 
width is 40 ns. The simulated cMUT has a silicon nitride plate with a 
= 30 μm, tm = 1.4 μm, ti = 0.4 μm, tg = 0.2 μm resulting in a collapse 
voltage of ~35 V.
Fig. 8. normalized spectra of the calculated acoustic pulses in Fig. 7.
Fig. 9. Variation of the contact radius, b, as calculated by FEM (solid 
lines) and equivalent circuit simulation (dashed lines) as a function of 
time, when a cMUT is excited by negative (a) 100 V and (b) 200 V 
pulses on a bias with equal amplitude. The applied signals are depicted 
at the top. The simulated cMUT has a silicon nitride plate with a = 
30 μm, tm = 1.4 μm, ti = 0.4 μm, tg = 0.2 μm.
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as a further demonstration of the electrical model, we 
calculate the instantaneous displacement of a plate with 
small gap, collapsed because of the atmospheric pressure. 
Pulses of different amplitudes are applied to the cMUT. 
a rising voltage step collapses the plate further to the 
substrate, increasing xrms. The falling voltage step releases 
the plate to its initial position. The variation of the plate 
displacement is calculated by FEM simulations under the 
same electrical excitations and the results are depicted 
together in Fig. 11 for comparison. The oscillation of the 
plate seen in the FEM results, we believe, is an artifact 
of FEM as a result of rigidly defined stand regions and 
the lossless nature of the simulation. The vibrational wave 
generated on the plate by high-voltage excitation propa-
gates to the stand regions and reflects back and oscillates 
on the plate. This behavior can be clearly identified in the 
transient FEM analysis6 of a deformed cMUT plate.
B. Deep Collapsed Mode
Using the developed model, we demonstrate the deep 
collapse mode of cMUTs, which was introduced in [5]. 
In Fig. 12, we plotted the generated pressure under fixed 
amplitude (100 V) rising and falling voltage steps. Pres-
sure generation of the same cMUT plate is depicted as a 
function of the gap under the plate. For gap heights larger 
than 420 nm, the plate does not go into the collapsed 
state and a pressure of 0.25 MPa is obtained. This part 
at the right-hand side of the figure demonstrates the con-
ventional uncollapse mode of operation, in which the plate 
does not come in contact with the substrate. When the 
gap height is small enough to make the collapse voltage 
less than 100 V, the generated pressure by a falling volt-
age step suddenly increases. This is expected, because the 
amount of energy stored in a collapsed plate is larger than 
the energy stored in an uncollapsed plate. stored energy 
is radiated to the medium as a pressure wave during the 
falling voltage step. during the rising voltage step, on the 
other hand, the electrostatic attraction force generated 
between the electrodes is very small at first and slowly 
increases. Therefore, the increase in the pressure genera-
tion during the rising voltage step is somewhat slower, as 
Fig. 10. Variation of the contact radius, b, as calculated by FEM (solid 
lines) and equivalent circuit simulation (dashed lines) as a function of 
time, when a cMUT is excited by 200 V pulses with different widths (a 
and b) on a bias with equal amplitude. The applied signals are depicted 
at the top. The simulated cMUT has a silicon nitride plate with a = 
30 μm, tm = 1.4 μm, ti = 0.4 μm, tg = 0.2 μm.
Fig. 11. Variation of xrms as calculated by FEM (solid lines) and equiva-
lent circuit simulation (dashed lines) as a function of time, when the 
cMUT is excited by 10 ns rise or fall time pulses with (a) 100 V and (b) 
200 V amplitudes. The simulated cMUT has a silicon nitride plate with 
a = 30 μm, tm = 2 μm, ti = 0.4 μm, tg = 0.16 μm resulting in a collapsed 
state under atmospheric pressure.
Fig. 12. Peak pressure output of a cMUT array with a step excitation 
as a function of the gap height as found from the electrical equivalent 
circuit. The input step has an amplitude of 100 V and 10 ns rise and fall 
times. considered plates has a = 30 μm, tm = 1.4 μm, and ti = 0.4 μm 
with varying tg.
6 a movie depicting this artifact is uploaded as a supplementary mate-
rial. 
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seen in the figure. nevertheless, if the separation of the 
electrodes is small (i.e., the gap and the collapse volt-
age are small) the peak pressure that is generated by the 
cMUT plate reaches a maximum. For example, at a gap 
height of about 60 nm, a collapsing plate generates a pres-
sure output of 4 MPa, demonstrating the attractiveness of 
the deep collapse mode. note that with such a small gap 
height, cMUTs have a collapse voltage less than 10 V.
C. Comparison of the Equivalent Circuit Model  
to Experiment
We compare the results of the equivalent circuit simula-
tions to experimental results obtained from fabricated de-
vices7 in Fig. 13. We approximate the radiation resistance 
by (11), because a ≪ λ and A ≈ λ at 5 MHz. However, 
this assumption is valid for the uncollapsed-case cMUTs. 
additionally, such radiation impedance requires the cells 
to be placed in a closely packed hexagonal network, where 
the fill ratio is 90.7%. However, the tested array has 11 by 
11 cells with 5 μm spacing in a rectangular grid distribu-
tion, resulting in a 67% fill ratio, and the total aperture 
is 0.71 × 0.71 mm. Therefore, the generated peak-to-peak 
pressure output is measured to be smaller when compared 
with circuit simulations. This difference can be attributed 
to the difference in the fill ratios.
We can identify a ringing at the end of the experimen-
tal acoustic pulse. The ringing, which is at 12.2 MHz, is 
due to the thickness ringing of the substrate. although the 
positive cycles of the output pressure waves are well pre-
dicted by the equivalent circuit simulations, the negative 
cycles are not. The difference may be attributed to the 
frequency-independent radiation resistance assumption.
To achieve a higher accuracy for predicting the response 
of a complete array, a more accurate radiation imped-
ance model is needed. First, the radiation impedance of a 
single collapsed plate as a function of the contact radius 
or lumped displacement measure must be determined. 
The resulting radiation impedance of single cell must be 
used for the calculation of the mutual impedances between 
two collapsed plates. Finally, the radiation impedance of 
a single plate and the mutual radiation impedances must 
be combined to achieve the radiation impedance of a com-
plete array of cMUT plate. This procedure was applied 
to uncollapsed mode cMUTs in [21] and can be used to 
calculate the radiation impedance seen by cMUT arrays 
of any size.
V. conclusions
In this work, we have developed a parametric equiva-
lent circuit model for cMUTs. Exact analytical equations 
are used to determine the relation between the deflection 
of a cMUT plate and the forces acting on the plate. In 
the static case, the balancing forces are the force due to 
atmospheric pressure, the electrical attraction force, and 
the opposing restoring force of the plate. The equivalent 
circuit includes the effects of plate mass and the loading of 
the immersion medium. The simulation of the equivalent 
circuit can be completed much faster than FEM simula-
tions, but the results are within 3% of each other in ampli-
tude and 6% of each other in frequency. With an arbitrary 
excitation of cMUT, one can deduce the time waveform 
of the acoustic signal as well as the instantaneous position 
of the plate. The proposed equivalent circuit model is a 
very strong design and simulation tool for collapse- and/or 
uncollapsed-mode cMUTs. We note that the accuracy of 
the equivalent circuit can be improved by adding a more 
exact radiation impedance model.
appendix a 
correction Factor, κ
an equivalent circuit model of a distributed system, 
such as a cMUT plate, requires a consistent use of lumped 
variables (through and across variables). Moreover, the 
selection of the lumped displacement measure should not 
affect the kinetic and potential energies of the plate. The 
kinetic energy, Ek, of a cMUT plate is calculated as
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Fig. 13. comparison of the equivalent circuit simulations (dashed lines) 
to experimental results (solid lines). The cMUTs used in the experi-
ments have a = 30 μm, tm = 1.4 μm, tg = 0.2 μm, and ti = 0.4 μm. They 
are excited with signals of 120 and 160 V negative amplitudes on equal 
amplitude dc biases.
7 The silicon nitride fabrication process of the array is performed on a 
~340 μm thick silicon substrate, similar to that in [23] and as discussed 
in [5]. The material parameters of the plates are given in Table II.
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This result shows that choosing the rms value as the 
lumped variable gives the correct kinetic energy of a plate. 
on the other hand, the stored potential energy, Ep in a 
deflected plate by a force, F caused by a uniform pressure, 
P, is calculated by evaluating the following integral:
 
E t x r t P r r
P a
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where the expression in the brackets is equal to xavg. If xavg 
is chosen as the lumped measure, the Fx product repre-
sents the potential energy correctly. Because we use xrms 
rather than xavg as the lumped variable, F needs to be 
divided by κ = xrms/xavg.
appendix B 
static deflection of a clamped circular Plate
A. Uncollapsed State
The expression for the deflection, x(r), of a clamped 
circular plate under uniform pressure, P, was derived by 
Timoshenko [18, p. 55]:
 x r
P
D a r( ) = 64 ( )
2 2 2− . (14)
Here, D is the flexural rigidity of the plate given by 
Etm3 2(12(1 ))/ − ν , where E is the young’s modulus and ν is 
the Poisson’s ratio. The average displacement of the plate 






Because κ = xrms/xavg = 3 5/  in the uncollapsed state 










where Fr is the lumped restoring force of the plate, which 
is corrected with respect to the rms through the variable.
The capacitance, C, of a deflected cMUT in the uncol-


















where tg′ = tg + ti/εr, with εr being the relative permittiv-
ity of the insulation material. The derivative of the ca-
pacitance with respect to xrms is given in [14] as
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The general solution for the deflection of a uniformly 
loaded circular plate derived by Timoshenko [18, p. 309] is 
used as the starting point:
 














The boundary conditions for a plate as shown in Fig. 
1 are













| 0= =,  (21)
























where Mr is the radial bending moment acting on the 
plate; b is determined by solving (22) in terms of the four 
unknown constants of (19), which in turn are determined 
using the four boundary conditions of (20) and (21).
appendix c 
FEM simulations
The finite element simulations are done using ansys 
FEM Package (v12.1, ansys Inc., canonsburg, Pa). a 
2-d axisymmetric model of cMUT [5] is utilized. 8-node 
structural solid (PlanE82) elements are combined with 
electromechanical transducer elements (Trans126) un-
der the bottom surface nodes of the plate. a gap value 
(GaP) and a minimum gap value (GaPMIn) are needed 
to generate ground plane nodes and determine maximum 
possible deflection before contact. a contact stiffness fac-
tor, FKn = 1 is used to overcome convergence problems 
with a reasonable penetration at contact interface.
Trans126 elements do not accept an insulating layer 
between the electrodes as in the case of cMUTs. There-
fore, GaP and GaPMIn parameters are modified to per-








′ + ε ε, . 
a fluid loading is included in the model for simulating 
the dynamic behavior of the cMUTs. a fluid column of 
2 mm height is created over the plate using 2-d axisym-
metric harmonic acoustic fluid (FlUId29) elements. The 
IEEE TransacTIons on UlTrasonIcs, FErroElEcTrIcs, and FrEqUEncy conTrol, vol. 58, no. 7, jUly 20111476
fluid-structure flags are enabled for coupling the structural 
motion as an acoustic wave in the medium. To ensure the 
dc stability, the transient effects are turned off in the first 
step and turned on at the rest of the simulation. The total 
duration of the simulation is fixed to 1 μs and average 
pressure is recorded at 1 mm above the plate surface.
references
[1] I. ladabaum, X. jin, H. T. soh, a. atalar, and B. T. Khuri-yakub, 
“surface micromachined capacitive ultrasonic transducers,” IEEE 
Trans. Ultrason. Ferroelectr. Freq. Control, vol. 45, no. 3, pp. 678–
690, 1998.
[2] r. o. Guldiken, j. Zahorian, F. y. yamaner, and F. l. degertekin, 
“dual-electrode cMUT with non-uniform membranes for high elec-
tromechanical coupling coefficient and high bandwidth operation,” 
IEEE Trans. Ultrason. Ferroelectr. Freq. Control, vol. 56, no. 6, pp. 
1270–1276, 2009.
[3] Ö. oralkan, B. Bayram, G. G. yaralioglu, a. s. Ergun, M. Kupnik, 
d. T. yeh, I. o. Wygant, and B. T. Khuri-yakub, “Experimental 
characterization of collapse-mode cMUT operation,” IEEE Trans. 
Ultrason. Ferroelectr. Freq. Control, vol. 53, no. 8, pp. 1513–1523, 
2006.
[4] y. Huang, E. Hæggstrom, B. Bayram, X. Zhuang, a. s. Ergun, 
c.-H. cheng, and B. T. Khuri-yakub, “comparison of conventional 
and collapsed region operation of capacitive micromachined ultra-
sonic transducers,” IEEE Trans. Ultrason. Ferroelectr. Freq. Control, 
vol. 53, no. 10, pp. 1918–1932, 2006.
[5] s. olcum, F. y. yamaner, a. Bozkurt, H. Köymen, and a. atalar, 
“deep collapse operation of capacitive micromachined ultrasonic 
transducers,” 2010. submitted for publication.
[6] a. Bozkurt, F. l. degertekin, a. atalar, and B. T. Khuri-yakub, 
“analytic modelling of loss and cross-coupling in capacitive micro-
machined ultrasonic transducers,” in Proc. IEEE Ultrasonics Symp., 
1998, pp. 1025–1028.
[7] G. G. yaralioglu, a. s. Ergun, and B. T. Khuri-yakub, “Finite-ele-
ment analysis of capacitive micromachined ultrasonic transducers,” 
IEEE Trans. Ultrason. Ferroelectr. Freq. Control, vol. 52, no. 12, pp. 
2185–2198, 2005.
[8] a. lohfink and P. c. Eccardt, “linear and nonlinear equivalent cir-
cuit modeling of cMUTs,” IEEE Trans. Ultrason. Ferroelectr. Freq. 
Control, vol. 52, no. 12, pp. 2163–2172, 2005.
[9] a. caronti, G. caliano, a. Iula, and M. Pappalardo, “an accu-
rate model for capacitive micromachined ultrasonic transducers,” 
IEEE Trans. Ultrason. Ferroelectr. Freq. Control, vol. 49, no. 2, pp. 
159–167, 2002.
[10] s. olcum, M. n. senlik, and a. atalar, “optimization of the gain-
bandwidth product of capacitive micromachined ultrasonic trans-
ducers,” IEEE Trans. Ultrason. Ferroelectr. Freq. Control, vol. 52, 
no. 12, pp. 2211–2219, 2005.
[11] H. Köymen, M. n. senlik, a. atalar, and s. olcum, “Parametric 
linear modeling of circular cMUT membranes in vacuum,” IEEE 
Trans. Ultrason. Ferroelectr. Freq. Control, vol. 54, no. 6, pp. 1229–
1239, 2007.
[12] a. caronti, r. carotenuto, and M. Pappalardo, “Electromechical 
coupling factor of capacitive micromachined ultrasonic transduc-
ers,” J. Acoust. Soc. Am., vol. 113, no. 1, pp. 279–288, 2003.
[13] W. P. Mason, Electromechanical Transducers and Wave Filters. new 
york, ny: Van nostrand, 1942.
[14] I. o. Wygant, M. Kupnik, and B. T. Khuri-yakub, “analytically 
calculating membrane displacement and the equivalent circuit mod-
el of a circular cMUT cell,” in Proc. IEEE Ultrasonics Symp., 2008, 
pp. 2111–2114.
[15] H. K. oguz, s. olcum, M. n. senlik, V. Tas, a. atalar, and H. Köy-
men, “nonlinear modeling of an immersed transmitting capacitive 
micromachined ultrasonic transducer for harmonic balance analy-
sis,” IEEE Trans. Ultrason. Ferroelectr. Freq. Control, vol. 57, no. 2, 
pp. 438–447, 2010.
[16] B. Bayram, Ö. oralkan, a. s. Ergun, E. Hæggström, G. G. yaralio-
glu, and B. T. Khuri-yakub, “capacitive micromachined ultrasonic 
transducer design for high power transmission,” IEEE Trans. Ultra-
son. Ferroelectr. Freq. Control, vol. 52, no. 2, pp. 326–339, 2005.
[17] B. Bayram, G. G. yaralioglu, M. Kupnik, a. s. Ergun, Ö. oral-
kan, a. nikoozadeh, and B. T. Khuri-yakub, “dynamic analysis 
of capacitive micromachined ultrasonic transducers,” IEEE Trans. 
Ultrason. Ferroelectr. Freq. Control, vol. 52, no. 12, pp. 2270–2275, 
2005.
[18] s. Timoshenko and s. W. Woinowsky-Krieger, Theory of Plates and 
Shells, 2nd ed. new york, ny: McGraw Hill, 1959.
[19] E. Ventsel and T. Krauthammer, Thin Plates and Shells, 1st ed. 
new york, ny: Marcel dekker, 2001.
[20] M. Kupnik, I. o. Wygant, and B. T. Khuri-yakub, “Finite element 
analysis of stress stiffening effects in cMUTs,” in Proc. IEEE Ultra-
sonics Symp., 2008, pp. 487–490.
[21] M. n. senlik, s. olcum, H. Köymen, and a. atalar, “radiation im-
pedance of an array of circular capacitive micromachined ultrasonic 
transducers,” IEEE Trans. Ultrason. Ferroelectr. Freq. Control, vol. 
57, no. 4, pp. 969–976, 2010.
[22] P. r. stepanishen, “Impulse response and radiation impedance of 
an annular piston,” J. Acoust. Soc. Am., vol. 56, no. 2, pp. 305–312, 
1974.
[23] j. Knight, j. Mclean, and F. l. degertekin, “low temperature fab-
rication of immersion capacitive micromachined ultrasonic trans-
ducers on silicon and dielectric substrates,” IEEE Trans. Ultrason. 
Ferroelectr. Freq. Control, vol. 51, no. 10, pp. 1324–1333, 2004.
Selim Olçum was born in chicago, Il, in 1981. 
He received his B.s., M.s., and Ph.d. degrees in 
electrical engineering from Bilkent University, an-
kara, Turkey, in 2003, 2005, and 2010, respective-
ly. He worked as a guest researcher at the na-
tional Institute of standards and Technology, 
semiconductor Electronics division, Gaithers-
burg, Md, during the summers of 2002 and 2003. 
He was a visiting scholar in the Micromachined 
sensors and Transducers laboratory of the Geor-
gia Institute of Technology, atlanta, Ga, in 2006. 
He is currently an instructor in the Electrical and Electronics Engineer-
ing department at Bilkent University. His current research interests in-
clude micromachined sensors and actuators, transducer design and mod-
eling, and plasmonic sensors.
dr. olçum was a fellow of asElsan during his Ph.d. study.
Yalçn Yamaner received his B.sc. degree from 
Ege University, Izmir, Turkey, in 2003 and his 
M.sc. degree from sabanc University, Istanbul, 
Turkey, in 2005, all in electrical and electronics 
engineering. He worked as a visiting researcher at 
VlsI design and Education center (VdEc), dur-
ing the summer of 2006. He was a visiting scholar 
in the Micromachined sensors and Transducers 
laboratory of the Georgia Institute of Technology, 
atlanta, Ga, in 2008. He is currently working to-
ward his Ph.d. degree in electronics engineering 
at sabanc University. His current research interests include microma-
chined sensors, transducer modeling, and fabrication.
Ayhan Bozkurt received his B.sc., M.sc., and 
Ph.d. degrees from Bilkent University, ankara, 
Turkey, in 1992, 1994, and 2000, respectively, all 
in electrical and electronics engineering. He is cur-
rently working as an associate Professor in the 
Electronics Engineering Program of the Faculty of 
Engineering and natural sciences of sabanc Uni-
versity, Istanbul, Turkey. His research interests are 
transducer modeling and fabrication and front-
end integrated circuit design.
olcum et al.: equivalent circuit model for transmitting cMUTs in collapse mode 1477
Hayrettin Köymen received the B.sc. and M.
sc. degrees from the Middle East Technical Uni-
versity (METU), ankara, Turkey in 1973 and 
1976, respectively, and the Ph.d. degree from Bir-
mingham University, UK, in 1979, all in electrical 
engineering. He worked as a faculty member in the 
Marine sciences dept. (Mersin) and Electrical En-
gineering dept. (ankara) of METU, from 1979 to 
1990, and at Bilkent University since 1990, where 
he is a professor. His research activities have in-
cluded underwater acoustic and ultrasonic trans-
ducer design, acoustic microscopy, ultrasonic ndT, biomedical instru-
mentation, mobile communications, and spectrum management.
Prof. Köymen is a fellow of IET (formerly IEE).
Abdullah Atalar received a B.s. degree from 
the Middle East Technical University, ankara, 
Turkey, in 1974, and M.s. and Ph.d. degrees from 
stanford University, stanford, ca, in 1976 and 
1978, respectively, all in electrical engineering. He 
worked in Hewlett-Packard labs, Palo alto, ca, 
in 1979. From 1980 to 1986, he was on the faculty 
of the Middle East Technical University as an as-
sistant Professor. In 1986, he joined Bilkent Uni-
versity as the chairman of the Electrical and Elec-
tronics Engineering department and served in the 
founding of the department where he is currently a Professor. In 1995, 
he was a Visiting Professor of stanford University. From 1996 to 2010, 
he was the Provost of Bilkent University. He is presently the rector of 
the same university. His current research interests include microma-
chined devices and microwave electronics.
Prof. atalar was awarded the science award of TUBITaK in 1994. 
He is a Fellow of IEEE and a member of the Turkish academy of sci-
ences.
